Kolmogorov's 4/5 law is examined quantitatively by using the data of direct numerical simulations of incompressible turbulence in a periodic box with the number of grid points and the Taylor micro-scale Reynolds number 2048 3 and R % 732, respectively. The examination is based on a generalization of the Kármán-Howarth-Kolmogorov (KHK) equation for isotropic turbulence to anitropic turbulence. An emphasis is put on the influence of the finite Reynolds number, length-scale and the weak but finite anisotropy. The analysis of the DNS data gives a quantitative idea on the role of the viscous and forcing terms in the KHK equation. It also suggests that the anisotropy has substantial influence on the 4/5 law for a wide scale-range.
Introduction
In his celebrated work, Kolmogorov assumed that there is a certain kind of universality in the statistics at small scales in fully developed turbulence away from boundaries, provided that the scales are sufficiently small, and the Reynolds number (Re) is sufficiently large. 1) This idea has been playing one of the key roles in modern theories of turbulence, and has been supported by experiments and direct numerical simulations (DNSs) of turbulence.
However, the Reynolds number Re as well as the scale range are only finite in any real turbulence, even if the idea of the universality is valid at infinitely large Re and small scales. One may then ask whether Re in the turbulence under consideration is large enough, or whether the scales are small enough. How small 1=Re and the scale need be for the universality? What is wanted here is the quantitatively understanding on the dependence of the statistics on the Re and the scale.
In this paper, we consider Kolmogorov's 4/5 law 2) ðu L ðx; r; tÞÞ
that can be derived from the Kármán-Howarth-Kolmogorov equation (hereafter referred as KHK-equation) for homogeneous and isotropic turbulence, 3) where is the average of the energy dissipation rate per unit mass, u L ðx; r; tÞ is the longitudinal velocity difference between the points at x þ r and x, and hÁ Á Ái denotes the ensemble average.
The 4/5 law eq. (1) is exact for homogeneous and isotropic turbulence in the scale range r such that ( r ( L in turbulence at infinitely large Re, where L and is the characteristic length scale of energy containing eddies and the Kolmogorov micro-scale, respectively. Such an exact relation is rare, so that it possesses a unique position in the study of turbulence. Since it is exact, it is expected to shed some light for our quantitative understanding on the universality, in particular on the dependence of the statistics on the scale and Re. As a matter of fact, extensive studies have been made of the law, both theoretically and experimentally. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] The purpose of this paper is to examine the 4/5 law in the light of the data of high resolution DNS of incompressible turbulence in a periodic box performed on the earth simulator with the number of grid points up to 2048 3 and the Taylor scale Reynolds number R up to about 732. 24, 25) A emphasis is put on the Re-and scale-dependences of the statistics, as well as the anisotropy of the turbulence.
Basic Relations
Let us consider the motion of incompressible fluid of unit density with zero mean velocity obeying the Navier-Stokes equations and the incompressibility condition,
in a periodic box with sides 2. Here u i , f i , p, and are the velocity and external force in the i-th Cartesian direction, the pressure, and the kinematic viscosity, respectively, and we use the summation convention for repeated italic subscripts. Let hÁ Á Ái be the average in an appropriate sense as discussed below, and aðxÞ and bðx þ rÞ be any field quantities of physical interest at position x and x þ r, respectively. In the following, we assume that
This independence of x holds not only in homogeneous turbulence, for which the brackets are to be understood as the ensemble average, but also for turbulence under periodic boundary conditions provided that the brackets are understood as the volume average over the fundamental periodic domain. Under the condition eqs. (2) 
If we assume that the terms except the first ones on the right hand sides of eqs. (7) and (13) 
from eqs. (7) and (13) , respectively, where is the Kolmogorov's length scale defined as ð 3 = Þ 1=4 .
A Generalization of the KHK-Equation for Anisotropic Turbulence
The KHK-equation as well as the generalized KHKequation are derived under the assumption of isotropy. It is however to be recalled here that any real turbulence is not isotropic in a strict sense, because of the anisotropy in the initial conditions, boundary conditions, forcing, etc., although the turbulence may be approximately isotropic at small enough scales. It may be then interesting to ask what can be said without the assumption of the isotropy. (One may also question the homogeneity, but it is out of the scope of this paper.) If the turbulence is not necessarily isotropic, then one needs to go back to eq. (6). [19] [20] [21] [22] [23] Let haðrÞi r be the average of aðrÞ over r on the spherical surface of radius r ¼ jrj and the center at r ¼ 0, i.e., 
Let H a be defined by
Then after a little algebra, it is shown that (7) can be recovered from eqs. (19) and (24), respectively, for isotropic turbulence.
Simplified Estimates for Forced Turbulence
In stationary turbulence, the time-derivative term H t ðrÞ in eq. (19) may be negligible, so that we have
In forced turbulence, this can be justified not only for exactly stationary turbulence, but also for turbulence which is not stationary in a strict sense, provided that the averages in eq. (19) are understood as the time averages over a long enough period, and the time average of H t ðrÞ in eq. (19) is negligible. LetF FðkÞ be the Fourier transform of hu i ðxÞ f i ðx þ rÞi defined aŝ
In this paper we assume that the turbulent field is forced only at large scales, so thatF FðkÞ is confined only at a small wavenumber range, and there therefore exists a wavenumber, say K c , such thatF FðkÞ is negligibly small for k > K c . It is then shown that
for small enough K c r, where L ¼ Oð1=K c Þ is a length scale characterizing the energy containing eddies, and C f is a nondimensional constant defined by
The ðr=LÞ 2 scaling in (27) is in accordance with previous studies. 7, 8, 10, 13) If the anisotropy ofF FðkÞ is not significant, one may approximate this as
A simple estimate of H v in the inertial subrange may be obtained by assuming
in accordance with the Kolmogorov hypothesis, 1) where C K is a non-dimensional constant. 6, [8] [9] [10] [11] [14] [15] [16] [17] [18] We then have
The use of eq. (30) does not imply that we are assuming the second order moments D ij ðrÞ to be independent of the finiteness of Re and L=, nor strictly isotropic. We use eqs. (30) and (31) only as a leading order approximation, i.e., assume the effects of the finiteness and anisotropy may be treated as a perturbation to eqs. (30) and (31) . Substituting eqs. (27) and (32) into eq. (26) yields
in the inertial subrange L ) r ) . A simplification of eq. (24) can be obtained similarly by using eqs. (27) and (32) . Provided that the anisotropy is not strong, we may neglect I a ðrÞ in eq. (24) . We then have
Substituting eqs. (27) and (32) into eq. (34) gives
where
Equation (35) implies that ÀhD LLL ðrÞi r =ð rÞ takes its
i.e.,
and
a; b are given by
and R is the Taylor micro-scale Reynolds number defined by
in which ¼ ð15u 02 = Þ 1=2 is Taylor micro-scale, and 3u 02 =2 ¼ E is the total kinetic energy of the fluctuating velocity per unit mass. The exponent À6=5 in eq. (38) agrees with the one derived by Qian 10) for the case offunction (in the wave number space) model of energy input at large scale.
Comparison with DNS Data

DNS method and parameters
In this paper we use the data of a series of DNSs performed on the Earth Simulator. 24, 25) The simulations use an alias free spectral method, and a 4th order Runge-Kutta method for time marching; the minimum wave number k min as well as the wave number increment is 1. The field is forced by an external forcing of the form
whereÁ Á denotes the Fourier transform, c is a constant independent of the wave vector k, which is so adjusted at every time step that the total kinetic energy E of the fluctuating velocity per unit mass is almost time independent ($ 0:5), and K c was chosen to be 2.5 in the DNS. Readers may refer to refs. 24 and 25 for the details.
In the runs the data of which we use in this paper, k max % 1, where k max is the maximum wave number of the retained modes. Some other characteristics of the runs are shown in Table I , where we take the length scale L as the integral length scale defined by
where EðkÞ is the energy spectrum so normalized that
The DNS data shown in this paper are values at a time instant, unless otherwise stated.
Viscous and forcing terms
Figure 1(a) shows the DNS data for the viscous and forcing terms I f ðrÞ and I v ðrÞ in eq. (24) normalized by r against r=L, while Fig. 1(b) show the same data as in Fig. 1(a) , but against r=. They also show the values by the simplified theoretical estimates eqs. (36) and (37), where the coefficient C f in eq. (28) was estimated by using the simplification eqs. (29) and (43), i.e., and the data of Run 2048, which give C f % 0:534. The data of Run 2048 also give C K % 2:02, so that C v % 9:88. It is seen that the curves for the forcing term I f ðrÞ overlap well with each other, (especially at r=L $ 0:2) in Fig. 1(a) , while the curves for the viscous term I v ðrÞ overlap well (especially at r= $ 50) in Fig. 1(b) . These facts suggest that I f ðrÞ and I v ðrÞ scale well with r=L and r=, respectively. It is also seen in the figures that the theoretical estimates eqs. (36) and (37) fit well to the DNS data of I f ðrÞ and I v ðrÞ, respectively, in the inertial subrange. Figure 2 plots the DNS values of ÀhD LLL ðrÞi r normalized by r. Figure 3 plots the peak values of ÀhD LLL ðrÞi r =ð rÞ against R . The theoretical prediction eq. (38) together with experimental data collected in Antonia and Burattini 17) are also plotted. For the estimate of the coefficients in eq. (38), we used the DNS data of Run 2048, which give C f % 0:534 and C v % 9:88, as noted above, and a % 2:71; b % 0:0592; C L % 3:82; C % 36:7:
The DNS data are seen in Fig. 2 to fit fairy well to the prediction. And the exponent À6=5 in Fig. 3 is consistent with the findings from refs. 8 and 10.
Non-stationarity
Although the agreement between the theoretical predictions eqs. (34) and (38) and the DNS data in Figs. 2 and 3 is generally good, a close inspection of the figures shows that the DNS data deviate to some extent from the theoretical estimates. In order to understand the reason for the deviation, it is to be recalled that the non-stationary term I t ðrÞ was ignored in deriving eqs. (34) and (38) . Although I t ðrÞ can be safely neglected in stationary turbulence, it need not be zero if the turbulence under consideration is not stationary in a strict sense.
Some idea of the influence of the non-stationarity can be seen in Fig. 4 , where the magnitude jI t ðrÞj=ð rÞ is plotted and compared with the forcing and viscous terms I f ðrÞ=ð rÞ and I v ðrÞ=ð rÞ, in Run 2048. We computed I t by eqs. (22) and (25) with the term ð@=@tÞD ii given by the right-hand side of eq. (6). It is observed that jI t ðrÞj is much smaller than the viscous term I v ðrÞ at small scales (r=L 0:12 or so), and it is smaller than I f ðrÞ at large scales (r=L ! 0:12). But it is also observed that jI t ðrÞj is not very much smaller than I f ðrÞ at r=L $ 0:3. Corresponding to this fact, the difference between the DNS data and theoretical prediction for ÀhD LLL ðrÞi r =ð rÞ is visible at r=L $ 0:3. Thus the instantaneous values of the non-stationarity term I t ðrÞ are not negligibly small as compared with I f ðrÞ. However, this non-stationary term is fluctuating in time, and must be small if one takes the time average for a long enough time interval. Figure 5 plots the values of jI t ðrÞj=ð rÞ at time t=T ¼ 10:0 and 9.20. It shows that jI t ðrÞj 0 s at t=T ¼ 10:0 and 9.20 are in fact different from each other, i.e., jI t ðrÞj is time dependent, but the time dependence of I f ðrÞ is much weaker than that of jI t ðrÞj. It is also observed that jI t ðrÞj at t=T ¼ 9:20 is smaller than that at t=T ¼ 10:0, in most range of r. Correspondingly to the time dependence of jI t ðrÞj, ÀhD LLL ðr; tÞi r is also seen to be time dependent, especially at r=L $ 0:2.
One might be tempted to estimate I t ðrÞ in the inertial subrange by using eq. (30), as has been used for decaying , , Fukayama et al.; 7) , Orlandi and Antonia; 28) , Moisy et al.; 8) , Gagne et al.; 16) , Zhou and Antonia; 29) , van de Water and Herweijer; 30) , Mydlarski and Warhaft. turbulence. 6, 11, 14, 15, 18) The use of eq. (30) gives
so that
However, the plots of jI t ðrÞj=ð rÞ in Fig. 5 , especially that at t=T ¼ 9:20 suggest that its r-dependence in the present case of forced turbulence is not so simple as would be expected from eq. (44). Figure 6 plots that peak value of the instantaneous ÀhD LLL ðr; tÞi=ð rÞ at various time t. It shows that in spite of the fluctuation of I t ðrÞ in time, the fluctuation in time of the peak value is not so large, and within 2%.
Figures 5 and 6 also include the time average over the times marked in Fig. 6 . It is seen that the instantaneous values are not very different from the time average, and that there is still difference between the averages and the theoretical estimate eq. (35) . The latter is presumably because the time interval taken for the average is not long enough.
Anisotropy
The discussions so far made are based on the quantities averaged over a spherical shell, such as hD LLL ðrÞi r . It is however difficult in experiments to measure such spherical averages. It is much easier to measure D LLL ðrÞ with one particular direction of r than the average hD LLL ðrÞi r over the direction. One is then tempted to use an approximation such as D LLL ðrÞ $ hD LLL ðrÞi r . However, the degree of accuracy of such an approximation in real turbulence which is not isotropic in the strict sense is not known a priori.
To get some idea on the degree of accuracy, let us consider
where e i is the unit vector in the i-th direction, i.e., 
at r=L $ 0:1. The result (ii) suggests that the sensitivity of the anisotropy at small scales to the large scale condition is stronger than that of the forcing term. Figure 7 also plots ave ðrÞ ¼ 1 3
It is seen that j ave ðrÞj is much smaller than j i ðrÞj. This implies that the approximation for a spherical average by the average over only the three directions r ¼ re i (i ¼ 1; 2; 3) may work well, as suggested by Kaneda et al. 25) Thus, when it is difficult to take the average over the all direction of r in experiments, it is encouraged to take the average of the three directions such as r=r ¼ ð1; 0; 0Þ, ð0; 1; 0Þ, and ð0; 0; 1Þ.
The anisotropy may appear not only in the dependence of the statistics on the direction of r but also in the dependence on the direction of the velocity. In deriving eq. (24), we assumed that I a ðrÞ to be negligible. Figure 8 plots I a ðrÞ=ð rÞ vs r=L. It is seen much smaller than I f ðrÞ and I v ðrÞ, except at very small r. This suggests that the role of I a ðrÞ is not significant, at least in our DNS.
In order to get some quantitative idea on the influence of the anisotropy, let us put here simply
in accordance with (iii), and assume the forcing term I f ðrÞ as well as the non-stationary and anisotropy terms I t ðrÞ and I a ðrÞ to be negligible as compared with i ðrÞ, where C a is a non-dimensional constant determine by the large scale conditions. Then eqs. (24) and (37) give
This implies that the peak value of D LLL ðre i Þ=ð rÞ þ 4=5 tends to zero only as / R
À2=3
, provided that C a is a positive constant of order unity and independent of R . This decrease with R is much slower than that of ½ÀhD LLL ðrÞi r max =ð rÞ in eq. (38).
Discussion
From the result % 2=3 in eq. (46), one may recall the scaling of small scale anisotropy in turbulent shear flow. Let S ij be the local rate of strain of the mean flow near the position x and time t. Then a simple analysis based on the symmetry consideration suggests that at high wave numbers such that L S ) 1=k ) and S=ð 
at L S ) r ) . It might be tempting to associate S mn and the exponent ¼ 2=3 in eq. (51), to the rate of strain @U m =@x n of large scale velocity field U in our DNS and in eq. (46), respectively. However, in our DNS under the periodic boundary conditions, the average h@U m =@x n i must be zero, it is therefore difficult to apply this idea to explain the exponent in eq. (46). In this context, it may be worthwhile to note that Biferale et al. 34, 35) proposed another idea on the anisotropy scaling of D LLL ðrÞ, and presented a dimensional argument for eq. (46) with ¼ 2=3.
Another idea on anisotropy scaling may be obtained by two-point closure approximations. A class of such approximations give closed set of equations for two-time two-point correlation function Q and the so-called response function G which represents the statistical average of the response of turbulence to an infinitely small disturbance. For weakly anisotropic turbulence, one may write
in a symbolic notation, and linearize the closed set of equations for Q and G with respect to the small anisotropy contributions Q A and G A , where Q I and G I represent the correlation and response functions at an isotropic state. [35] [36] [37] [38] In such closures, the triple order velocity moments such as D LLL are expressed in terms of Q and G. In isotropic turbulence, i.e., when Figure 9 plots the DNS data of . The implication of this small difference remains to be studied in the future. We discussed above the anisotropy at small scales on the basis of the DNS data at a time instant, which may be different from the one by time averaged data. The possible influence of the non-stationarity on the anisotropy also remains to be studied.
Finally it may be also interesting to note that the exponent (% 2=3) in eq. (46) is close to 2/3 in eq. (44). However, the exponent is for the anisotropy measure i ðrÞ, but not for the non-stationarity term I t ðrÞ. The authors do not see any particular reason why these exponents must be the same to each other. The similarity seems to be accidental.
Conclusion
In this paper, we examined the accuracy of the 4/5 law by using the data of high resolution DNS of incompressible forced turbulence in a periodic box. The field is forced only at large scale, i.e., at low wave numbers. The difference between ÀhD LLL ðrÞi r =ð rÞ and 4/5 law at finite Reynolds number are due to (i) the forcing term I t ðrÞ, (ii) the viscous term I v ðrÞ, (iii) non-stationarity term I t ðrÞ in eq. (24) , and (iv) the anisotropy.
The analysis of our DNS data suggests the followings: . I f ðrÞ=ð rÞ fits well to a simple scaling law / C f ðr=LÞ 2 , in the inertial subrange, where C f is a non-dimensional constant determined by the condition at large scale forcing and velocity field [see eq. (36) and Fig. 1(a) ]. . I v ðrÞ=ð rÞ fits well to a simple scaling law / C v ðr=Þ À4=3 in the inertial subrange, where C v is a non-dimensional universal constant [see eq. (37) and Fig. 1(b) ]. . I t ðrÞ=ð rÞ is fluctuating in time and its average over a long enough time interval is negligible, but its instantaneous magnitude can be of order comparable to I f ðrÞ=ð rÞ at r=L $ 0:3 (see Fig. 4 ). . The anisotropic contribution i ðrÞ=ð rÞ ¼ ½D LLL ðre i Þ À hD LLL ðrÞi r =ð rÞ can be much larger than I f ðrÞ=ð rÞ in the inertial subrange (Fig. 7) . 
